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Abstract

The successful operation of x-ray free electron lasers (XFELs), producing highly brilliant
ultrashort x-ray pulses, has introduced a new invaluable tool for the science of light-
matter interactions. These new 'fourth-generation synchrotrons' were recently used in
order to study nonlinear optical processes, expanding the field of nonlinear optics to the
x-ray regime. In this work, | theoretically study two topics regarding nonlinear optics at

x-ray wavelengths, and consider its differences from the more studied optical regime.

The first topic | examine is the process of x-ray second harmonic generation (SHG)
from focused ultrashort pulses. The propagation geometry of this process results in two
distinct features. First, it highly limits the overlap length between the pump beam and
the generated second harmonic (SH). Second, the generated SH is partially Bragg
scattered. In this work, | concentrate on the usage of focused ultrashort pump pulses,
which are crucial for observing this weak nonlinear effect. In order to study different
aspects of this process and its optimization, | numerically simulate and derive
approximated analytical expressions for the efficiency and tolerances of the SHG

process.

The second topic of this work is a method for measuring the temporal field profile of
ultrashort x-ray pulses including phase information. Based on a successful
characterization method at the optical regime, the scheme relies on the spectral
interference pattern of two replicas of the same pulse, which are spectrally shifted via
nonlinear three-wave mixing with IR or visible beams. Using a single-shot spectrometer
the scheme can inspect, for the first time, individual ultrashort x-ray pulses with random
amplitudes and phases. Examples for characterization of stochastic pulses are given,

including criteria for a successful measurement.



1. Introduction

Light-matter interaction may be seen as coupling between Maxwell’s equations
(governing the electromagnetic field) and, in case of classical particles, Newton’s
equation (governing the motion of electrical charge). This coupling explains how the
electromagnetic field induces time-varying polarization in the material, and this, in

return, radiates and acts as a source for the electromagnetic field.

We start by introducing three important concepts for the following discussion of
nonlinear processes at hard x-rays — the models for the linear and nonlinear induced

currents, and the wave propagation equations.
1.1. Linear Interaction in Periodic Structures

The basis of linear optics is the linear dependence of the material polarization on the

incoming field, P =80;(i§l)Ej , Where the Einstein summation convention is applied, i
. . . erae e @
and j represent Cartesian components, &, is the vacuum permittivity, and y;” is the

linear electric susceptibility tensor.

In the hard x-ray regime, high above resonances, the linear interaction is described

. . - ~ R/‘sz(f) ~
by Thomson scattering [1], giving the susceptibility y(F)=—-————=, where p(l’)
T
q2
is the charge distribution, A is the wavelength of the driving field, and R=———
4me,m,C

is the classical radius of the electron, with m, and q being the electron mass and

charge, respectively. Since the electron charge distribution in ordered crystals is



periodic, we may expand p(F) in a Fourier series p(F):Zmpmeiém'r, where

1 —\ _—iG,. -F . . . . .
On zvjvp(r)e ®nTdv is its Fourier components, with G_ being the reciprocal

m

vectors and with the integration carried over the unit cell volume V . Similarly, we

perform a Fourier expansion of ;((F):

2
:_M. (1.1)
T

Am

X is the coupling coefficient for the elastic Bragg scattering process, where G is

the transferred momentum between the incoming and outgoing waves. g,

contributes to the usual forward propagation of the wave (which defines the index

of refraction n= 1+ y, ).

1.2. Nonlinear Interactions

For sufficiently intense electromagnetic fields, the induced polarization dependence
upon the field is no longer linear. Consequently, the nonlinear response may be
presented by generalizing the linear dependence introduced last section with higher

order terms P =g, [;(igl)Ej +;(i§i)EjEk +)(i§il)EjEkE, +J Nonlinear optics, which is

the study and application of the nonlinear response of matter to light, developed
shortly after the operation of the first working laser by Maiman in 1960. The high
intensity of lasers has been used in order to observe and utilize this nonlinear
response in various ways, such as generating light in new frequencies, and optically
manipulating the phase and amplitude of light. In addition, nonlinear effects have

been observed for various materials and states of matter, including liquids, gas



vapors and plasma. The nature and magnitude of the nonlinear optical susceptibility
depends both on the structure and arrangement of the nonlinear medium, and on

the frequencies participating in the nonlinear process.

Since non-resonant nonlinearities decrease with frequency, and since high-brilliant
sources in the x-ray portion of the electromagnetic spectrum have been absent until
very recently, nonlinear phenomena, such as second harmonic generation (SHG),
have not been reported in this regime. Indeed, with earlier hard x-ray sources — x-ray
tubes and third generation synchrotrons, only spontaneous parametric down
conversion (SPDC) has been observed [2-4]. This process relies on the vacuum field
as one of the driving fields for the nonlinear interaction, and the large density of
states of electromagnetic modes at x-ray wavelengths compensates for the low
nonlinear coupling. The construction of hard x-ray free electron lasers (XFELs),
producing femtosecond pulses of high brightness and peak intensity, led to the
possibility of preforming farther experiments exploring nonlinear effects at x-ray

wavelengths.

In order to describe the nonlinear interaction at the x-ray regime, we consider a
classical model of cold collisionless plasma fluid, as proposed by Eisenberger et al.

[2]. First we write the equations of motion and continuity [5]:

8\7 . = 2 A/q — — g
a+v-Vv_—a)b X+E(E+VXB), (1.2a)
%)+v-(p\7)=o. (1.2b)



Where V(r,t) is the velocity field of electrons, p(r,t) is the electron density and

ha, is the dominant electron binding energy. The nonlinear current jNL is obtained
by using a perturbative approach. With 4 being a small perturbation parameter, we
expand both the velocity and the electron density up to second order
Ve AV 1209, pa p@ + 21pY + 22p?) . Setting 1 =1, the second order nonlinear

current  J, = p W@ + p®  for a general three-wave mixing process of

—Ele A L E,e“"s 1 ccis therefore:
2

- q P, EE k1+k2+G F—i(ay+w, )t
‘]NL = 4T,n |:ADoppIer + Ajlsp + ALorentz:l ) e +C.C. (13)
We define g = quo > for i=1,2, and choose to phase-match the process
m(o’ -a,)s,

with a specific reciprocal vector G. Following Eisenberger et al. [2], we identify

three mechanisms contributing to the nonlinear response:

(i) The Doppler current:

% (C6)e

(o)) (o) e

ADoppIer =

arising from the inelastic scattering of one field by the charge oscillating as a result of

the other field.

(ii) The displacement current:

A = (a)1+a)2) W, @, 5.k )& +(é -k )é
A [(a+@,) -0 (wlz_wbz)(a,zz_%z)[(el )6 +(& ke | |, (ab)



arising from the scattering of one field while it is displaced by the other field.

(iii) The nonlinear Lorentz current:

(a)1+a)2) w,

(a+0,) -0 || (a'-a’)o -

D>
X
—

~i
N
X
D>
N
~—
+
—_
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—_
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X
D>
~—

ALorentz = |:

(1.4¢)

arising from the Lorentz force where the charge velocity originates from one field

and the applied magnetic field from the other field.

We note that unlike conventional nonlinear optics at the optical regime, where
second order nonlinearities vanish for centrosymmetric media, the short wavelength
of x-rays results in a local space-dependent optical response. Due to this spatial
inhomogeneity, second order nonlinear effects may be observed using

centrosymmetric media.
1.3. The wave equations

In this section | wish to concentrate on the process of SHG and to introduce the wave

equations that will be used in the following discussion.

An efficient SHG occurs when the SH fields generated in different regions of the
nonlinear medium interfere constructively. This is known in nonlinear optics as
phase-matching (Fig. 1.1), and its mathematical description will be presented later in

this section.

Since the indices of refraction at both the pump and the SH frequencies are close,

the perfect phase-matching angles of the pump beam and the generated SH will be



close to satisfying the Bragg condition for the SH frequency. For this reason, as
pointed up by Nazarkin et al. [6], it may be important to take into considerations the
coupling between the nonlinearly generated SH mode and its elastically scattered

mode.

(b) k

FIG. 1.1. Three phase-matching schemes. (a) SHG, (b) scattered SH and (c) back-

scattered SH.

We now describe the propagation equations for the envelopes of the nonlinearly

generated SH field Eg, and its elastically scattered field E_,, . We simplify the wave

scat *
equation, which is derived from Maxwell's equations, by separating the electric fields

as E, (F,t):%Ei (f,t)e"z“r’m“’téi +c.C. where E;(F,t) is the envelope function over

the &2 carrier wave. Assuming the optical axis is along Z,, we take the slowly
2
d Ei|<<
|

« O]
' oz, ‘

varying envelope approximation (SVEA) [7], i.e. , for

OE| ‘waEi |
ot |

both modes, which assumes that the envelope changes slowly compared to the
carrier wave. Also, we assume an undepleted pump, which is valid because of the

low efficiency of this process.



By using these approximations, we write the equations governing the electric field

envelopes of the two SH modes:

= i (azEsh aZEshJ 1 oE,
Vo 2 T |t -
0z 2k(2a,)\ ox oy v, (

2w,) ot
‘peEE A A A A iAKy, T
q ZTTI; 2 77(26{)0)|:( ADoppler + A;jisp + ALorentz)'eshJe A (1.53)

€

+ igo’? (2&)0 ) [éscat ’ ésh ] CUOZG EscateiAlZB ' !

aEscat i 0 ’ Escat 0 ’ Escat 1 aEscat
oz k(o) ® oy ) v (
—iAKg -F

2e,) ot (1.5b)
i5077 (2600 ) [ésh ’ é\scat ] a)OZ—G Eshe :

Where z' and Z are the axes along the propagation directions of the generated SH
and its elastically scattered mode, respectively. Similarly, X' and X are the axes

normal to the propagation directions of both beams. We assume negligible

absorption of the SH field. Ak, =2k +G—k, and Ak, =k +G—k, are the phase

p

mismatch vectors for the nonlinear and Bragg scattering processes, respectively. k

and 7 are the wave vector and impedance inside the material, respectively, @, is
the pump frequency, v, is the group velocity, and y; is the G Fourier component

of the linear susceptibility.
1.4. Numerical Approach for Solving the Wave Equations

In order to numerically solve Eqgs. (1.5) in the following chapters, we turn the partial
differential equations into ordinary differential equations (ODEs) by performing a
fast-Fourier-transform with respect to time and the spatial coordinates parallel to

the boundary surface. Next, we integrate the ODEs with respect to the spatial



coordinate normal to the boundary surface over the crystal length. The integrations
are performed using high-order Runge-Kutta and finite difference methods. Since
the remaining derivatives in the ODEs are with respect to the coordinate normal to

the surface, boundary conditions are easily considered.



2. Second Harmonic Generation of Focused Ultrashort

X-Ray Pulses

SHG was the first nonlinear optical effect observed following the demonstration of
the first working laser [8]. However, in the absence of a sufficiently intense x-ray
source, SHG at x-ray wavelengths was not observed until recently, with the
construction of the first operating XFELs. Using the SPring-8 Angstrom Compact free
electron laser (SACLA), Shwartz et al. [9] observed SHG from pump pulses at 7.3 keV
with an average intensity of ~10'® w/cm?, measuring a maximal conversion
efficiency of 1.2x107*°. This measurement confirmed with expected properties of
this process such as phase-matching angles and the quadratic scaling of the second

harmonic (SH) counts with the pulse energy.

As mentioned in section 1.3, Nazarkin et al. [6] considered in their theoretical study
of x-ray SHG in perfect crystals the coupling between the generated SH and its
elastically scattered wave in the quasi-monochromatic and plane-wave regime. In
their paper, a condition for an optimal synchronous propagation of the two SH fields
was presented, which depended on both the linear and nonlinear susceptibilities.
However, with the present XFELs obtainable brightness and pulse-energies, and
because of the low second order nonlinear coupling of this process, it is necessary to
use focused and short pulses in order to achieve high efficiency for a given pulse
energy. Here | expand the model suggested by Nazarkin et al. for pump pulses which

are finite in time and space.



The goal of this work is thus to study the process of x-ray SHG from short and
focused pump beams, propagating in a perfect crystal, generating a SH signal which,
in turn, also propagates inside the crystal. Focusing in the spatial and temporal
domains increases the peak intensity, giving higher efficiency; however, focusing too
tight may decrease the SHG efficiency due to diffraction (when the process occurs
over a length longer than the Rayleigh length) and spatial and temporal walk-off

between the pump beam and the generated SH.

Using different models of the pump pulse inducing the nonlinear current inside the
crystal, | solve the relevant envelope wave equations for the generated SH signal.
The purpose of this work is to simulate in detail the recent performed SHG
measurement by Shwartz et al. [9], and discuss different aspects of the SH signal
propagation, dependence upon the different parameters, and its efficiency

optimization.

2.1. Second Harmonic Generation at X-Ray Wavelengths

Assuming a classical model of cold collisionless plasma fluid for the induced
nonlinear current, as in Ch. 1, and a pump frequency @, which is much higher than
any bound electronic state in the material, we use Eq. (1.3) in order to find the
nonlinear current density which drives the SH field for a specific reciprocal vector G.
Since we assume the nonlinear current density is induced by a single pump beam,

Eg. 1.4b identically vanishes. Hence, only the Doppler (Eg. 1.4a) and Lorentz (Eq.

1.4c) terms contribute to the nonlinear response.
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A

Using a pump field in the form of Ep (r.t)==E, (F,t)e"zp'r*i"btep +C.C., we write the

N[

induced nonlinear current density [6]:

T A 1 quGE o = A \a A i((2K,+G)-T—2ayt)
Ine € =§{—W2w:3[kp+2(6-ep)ep]-esh e +c.C. (2.1)

With €, and €, being the pump and SH field polarization vectors, respectively.

Furthermore, we can use Eq. (2.1) in order to write the second order nonlinear

.. iq’p, ~ S a0\ ] A
susceptibility % (2w, @, @) =———%6 |k +2(G-é )é |-é. .
P Y X ( 0’0 0) 4gome2a)o4 p ( p) p] sh

Taking the pump to be polarized in the scattering plane (x-polarization), and
assuming the phase-matching angles for both the pump and SH signal are close to
the Bragg angle of the SH frequency 6,0, ~ 6;, we may write Eq. (2.1) as [6]:

0’ p. E,°G cos
16m’m,’

e)r1_4c0s(260,)] ) vee,  (22)

‘]NL' sh =

-2
_i9°psG 005(493)[1_4003(203)]-

2 .
or ;(()(Za)o,a)o,a)o): S
0'"'e 0

We note that in a uniform plasma (where only the p, component of the charge

density is nonzero), the nonlinear current oscillates in the direction of the pump
beam propagation. Since there is no component of the nonlinear current density
which is transverse to this direction, the generated SH wave vanishes at the far-field.

For this reason, a medium with periodic charge distribution (a perfect crystal) is used

11



as the nonlinear medium. In such media, a wave propagating in a direction satisfying

the Bragg condition scatters elastically by the known Bragg diffraction process.

In addition, it is also important to note that we consider the regime in which on the
one hand, the pump frequency is much higher than any resonance frequency in the
system, so all of the electrons in an atom react the same and constitute the cold
plasma. On the other hand, the photon energy is much less than the electron rest

energy, so relativistic dynamics are neglected.

As mentioned in the previous chapter, since the phase-matched angle for the SH
wave is close to its Bragg angle, a fraction of the generated SH may be elastically
diffracted. To consider this effect, we take into account two SH modes when writing
the envelope wave equations (Eqs. 1.5): The first one being generated from the SHG

process E, , and the second one being its Bragg scattered wave E as shown in

scat /

Fig. 1.1.
2.2. Modeling the X-Ray Free Electron Laser Pump Pulse

| start the investigation of our problem by describing models for the input pump
pulse structure. First, we write the general complex amplitude of a linearly chirped

Gaussian pulse [10]:

E, exp(—apzp)

Ep(xp’y’zp't)zJ(l—iTX(Zp))(l_iTy(Zp))
X2 y? (l+i§)(t— % JZ

P _Wg,x (1—iz-X (zp)) - wg, (1—iry (zp)) 7 Vg ()

(2.3)

12



2(2,-1,,) s :2(zp—zoly)
b Y b

X y

, Z, is the propagation axis of the

Where 7, = o

pump pulse and X, is the orthogonal axis parallel to the scattering plane. « is the
field absorption coefficient. w, ,, w,, and 7 determine the Gaussian pulse size and
duration, respectively. z,, and z;, set the focal points, £ defines the linear chirp

and b, =k (e, )W;,, b, =k (@, )W;, are the confocal parameters inside the material.

The input pump pulse is modeled in three ways, all having the same Gaussian
power spectrum with full width at half maximum (FWHM) bandwidth AE: (a)

transform limited (TL) Gaussian pulse, i.e. £ =0 — having the minimal pulse duration

242In2n

A (7 being the reduced Planck's constant), (b) linearly chirped pulse

TOZ

(LC) — having the estimated pulse duration 7 by taking the linear chirp coefficient as

AEZ 2
{zﬂfﬁ—l, and (c) temporally-stochastic x-ray pulses — a closely-packed and
n

equally spaced train of coherent Gaussian spikes with random phases, as the

following:

2 2
E(zp,t)zexp —Tiz[t—z—pJ > exp[i&, exp —r—lz(t—m.Ar—z—p)J .

v, (2e,)

(2.4)

Here A7 is the duration between the spikes (taken to be Az =T—5°). Practically, the

summation index m takes enough values so that the constituting spikes cover the

Gaussian envelope. For each pulse we generate a set {fm} of uniformly distributed

13



[O, 27[] random numbers. Similar to Ref. [11], the average over a large number of

these stochastic pulses corresponds to an assumed average Gaussian pulse structure

of duration 7 (see Fig. 2.1).

(a) 1 H (b) 1

0g — 08
= =

_Z 0B = 0&
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[

N@ 04 c 0.4
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1] . o !
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0 z
= =
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= G
w w
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FIG. 2.1. The input pump pulse. (a) and (b) show the intensity and power spectrum,
respectively, of a single stochastic pulse realization, assuming an average FWHM
bandwidth of 1 eV and an average FWHM duration of 20 fs. The spectrum is shown
as a function of the photon energy relative to the central energy. (c) and (d) show the
averaged intensity and power spectrum, respectively, over 1000 stochastic pulse
realizations (black solid lines), plotted along the corresponding Gaussian functions

(blue circles).
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2.3. Simulating the Second Harmonic Generation Process

In this section | simulate the recently performed experiment [9] by numerically
solving Eqgs. (1.5) using the nonlinear current density described in Eq. (2.2). The
numerical calculation is performed by using the fast-Fourier-transform method with
respect to variables x and t and an integration with respect to z. We assume that the
wavelength is 1.7 A (7.3 keV), the polarization is parallel to the scattering plane (7 -
polarized), the pulse total energy is 4.3 [, the FWHM bandwidth is 1 eV, and the
symmetric Gaussian FWHM waist is 1.5 um. The nonlinear medium is a 0.5 mm long
diamond crystal, with the pump focused at its middle. We choose to work in a
symmetrical Laue geometry and phase-match the nonlinear process with the (2 2 0)
reciprocal vector, which is parallel to the entrance and exit surfaces. In Fig. 2.2 we

plot the efficiency of this process 7, defined as the total output SH signal-energy

divided by the total input pump-energy, as a function of the propagation distance,
and rocking curves, using the different models. Comparing these calculations to the
experimental results [9], we find that the two broadened structures (LC and
stochastic), with an assumed 20 fs FWHM duration, are adequately in agreement
with the measured values. We see that the Bragg scattering process of the SH
generated mode is negligible, since both the effective interaction length between

the two modes and the coherence length arising from the nonzero phase mismatch

AIZB are much shorter than the extinction length of the elastic scattering process.

15
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FIG. 2.2. SHG efficiencies and rocking curves for different pump models. (a) and (b)
show the efficiencies of the generated SH and its elastically scattered mode,
respectively, as a function of propagation distance for the experiment parameters at
perfect phase-matching, assuming a transform limited (TL, black solid lines), linearly
chirped with 20 fs FWHM duration (LC, red dotted lines), and temporally-stochastic
with 20 fs FWHM average duration (blue dot-dashed lines, averaged over 200
realizations) Gaussian pump pulses. The simulations for the stochastic pulses were
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performed assuming a negligible Bragg scattering. (c) The SHG efficiency dependence
on the deviation of the pump beam from the phase-matched angle AO. Using

normalized units, the two rocking curves are identical.

From Egs. (1.5) one notices that for short propagation distances, where the second
term on the right hand side of Eqg. (1.5a) is much smaller than the first term, an
optimal coupling between the pump beam and the scattered SH mode occurs for

AIZNL =AIZB. However, due to the dispersion, this relation between the two phase

mismatch vectors does not occur.

As mentioned, due to the weak nonlinear susceptibility, it is necessary to focus the
pump beam in order to get higher SH signal for a given pump pulse-energy.
However, since the focused pump and the generated SH signal propagate in different

directions with an angle p=6,+6,, between them, they have a finite distance L

within they overlap, causing spatial walk-off. Furthermore, the group velocity

mismatch GVM = L __1 , results in a finite distance L, within
vy (20)c05(p) vy ()

ultra-short pulses overlap, which causes temporal walk-off after a finite time.

As known in conventional nonlinear optics [7], affected only by diffraction,

focusing the pump in the direction normal to the scattering plane does not introduce
walk-off effects, therefore increasing the SHG efficiency by ~W(;1y, as long as the

crystal length is shorter than the confocal parameter. However, reducing the beam

size in the scattering plane results with a shorter effective interaction length. Fig. 2.3

17



shows the SHG efficiency dependence on focusing the pump pulse in the scattering

plane w,, for the experiment parameters. Here, as it will be explained in the next

section, the SHG efficiency goes to a constant value as the beam waist decreases due
to walk-off. Focusing further more decreases the efficiency due to diffraction, as in

usual SHG of focused beams.

Tzh

I:II 1 1 1
a 2 4 b g 10

Wy (W)
FIG. 2.3. Efficiency dependence on focusing in the scattering plane. Using the
parameters described in section 2.3 for a 50 um crystal and a TL pulse. While
diffraction-related effects limit the efficiency increment by focusing in the direction
normal to the scattering plane, focusing in a direction parallel to the scattering plane

reduces the effective interaction length, therefore decreases the SHG efficiency.
2.4. Approximated Analytical Expressions

In order to describe the efficiency dependence upon the different parameters,
analytical calculations of the overall SHG efficiency and tolerances are shown in the
following section, compared with the numerical results of the pervious section.
Wang et al. [10] developed a theoretical framework for calculating the efficiency of
type-lI SHG by tightly focused and ultra-short pulses with simultaneous spatial and

18



temporal walk-offs, generalizing pervious work by Boyd et al. [12]. This process may

be considered analogues to our problem.

Using their approach, | solve the propagation aspects of our problem in the regime
of negligible Bragg scattering of  the SH generated wave.
In the case of negligible scattering of the SH wave, we are left to solve only Eq. (1.5a)
without the second term on the right hand side. This type of propagation problem,
where the generated SH propagates in a different direction than the pump beam,
occurs in type-l SHG, where instead of a noncollinear phase-matching scheme
determined by the reciprocal vector G, the different propagation directions of the
pump and SH beams arise from the different directions of the Poynting and wave
vectors related to the extraordinary polarized SH mode. Therefore, both propagation

problems have a similar form.

As shown in Ref. [10], it is possible to analytically evaluate partially, and under some
assumptions, completely, the efficiency of the SHG process. For a small walk-off

angle p=6, +0,,, the SH efficiency is (see derivation in Appendix):

2
: z,-1
COS(Lep) COS(LQ ) exp(iAk (z,—z,))exp {_WJ dz,dz,

SOSL N i B ] I — '
U, TWo Wo T 0 0 j(l—il’x(zl))(l—iry(Zl))(1+irx(22))(1+iry(22))
(2.5)
2
Where y = @ 3 ‘;((2)(2@0;@0,@0)2, Up is the pump pulse total energy and

2
27N Ny £,C

L is the crystal length, assuming a symmetrical Laue geometry. We choose to take

19



the SHG phase mismatch Ak:‘AIZNL‘ normal to the boundary surface. The

characteristic length within the pump and generated SH overlap, the spatiotemporal

walk-off length, is defined as:

2
Wo 7’

t -1/2
Ls_t:( an'(p) , & Leym? J . (2.6)

L., represents an effective walk-off length which takes into account both causes of

s—t

the limited interaction length between the pump and generated SH waves. The value

Cr+1
T2

of remains constant for a given bandwidth AE. Therefore, observing Eq.

(2.6), one notes that the interaction length L_, is limited by the coherence time of

the pulse, which is inversely proportional to AE.

Assuming the focusing is weak enough so the confocal parameters are much larger

than the crystal length b,,b, > L and that the focal points z,, z,, are inside the

crystal, Eq. (2.5) is simplified and the double integral may be presented in the form

of error functions erf (x):

L L
]/U ; cos(ap) cos(ep) - (Zl 2, )2

=" ° exp(iAk(z, —z,))exp| —~——— |dz,dz, =

Msn \/;WO,XWO,yT _([ ! p( ( 1 2)) p Li—t 1442
2 & vs |

AT L P P AP L (2.7)

2\/;Wo,xWo 7
+r| & erf o +0.erf O —iAk- L erf lAk-LS_tj :
Ls—t Lsft 2
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In order to achieve higher SH signal, it is useful to take the crystal length L to be
as long as a few absorption lengths of the pump pulse. Thus, for focused pump
pulses with frequencies well above resonances, so absorption length is relatively

large, it is worthwhile to study the regime of L>L_,. Assuming also L> LitAk,

Eqg. (2.7) is reduced to a simplified expression:

L L 2
Ny = Mob exp{—(AkL“j } (2.8)

- Wy, Wo ;7 cos(ep) 2

The efficiency grows linearly with the propagation length, as opposed to
guadratically as in the case of phase-matched SHG without walk-off between the
pump and the generated SH [7]. This effect, which is known in conventional
nonlinear optics, may be explained by the fact that after each effective interaction

length L_., the pump pulse propagates away from the previously generated SH

s—t/
wave, thus the coherent accumulation of the generated SH signal begins all over

again (see Fig. 2.4). The signal generated at each interaction length L_. sums up as

s—t

the pump pulse propagates through the nonlinear medium, hence the linear

dependence upon the propagation length L in Eq. (2.8).
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(a)

(b)

FIG. 2.4. Propagation aspects of the SHG process. (a) and (b) show the evolution of
the SH and pump pulses, respectively. After each walk-off length, the generated SH
propagates in a different direction than the pump pulse, so the accumulation of the

SH field does not continue.

From Egs. (2.6) and (2.8) we also note that as the beam waist in the direction parallel

to the scattering plane w,, decreases, the efficiency goes to a constant value, as

shown in Fig. 2.3. A similar argument may be described for 7. We note that for

further focusing, where bx,by > L does not hold, the efficiency decreases due to

diffraction.

Under the previous assumptions of L> L , and bX,by > L, and in perfect

phase-matching condition Ak =0, we consider in the SHG efficiency estimation the
effect of absorption of the pump pulse propagating throughout the nonlinear media.
In this regime, as shown in Eq. (2.8), the efficiency grows linearly with the pump
pulse-energy and with the crystal length. Therefore, we modify Eq. (2.8) by including

the exponential decay of the pump pulse over its propagation path, as follows:
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_ 7/Ls— _ ' '_&
/X — J; U, exp(-2a,2')dz _2apwzyxw0’yr cos(6,) ||

where «,, is the field absorption coefficient.

Fig. 2.5 shows the efficiency dependence on pump photon energy calculated both
numerically and by using Eq. (2.9). As expected, the higher the pump photon energy
(resulting in a smaller walk-off angle), the better the approximation holds. However,
even with lower and more relevant photon energies, this simple analytical

expression gives a decent estimation for the expected efficiency.
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o

FIG. 2.5. Comparison between numerical simulations (solid line) and the
approximated analytical expression (dashed line) for different pump photon
energies. Using the parameters of section 2.3, a TL pump structure and L=0.5 mm,
the analytical expression converges to the numerical result at high photon energies,

where the walk-off angle decreases.
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| now address the rocking curve, or the angular acceptance bandwidth, of the
SHG process. The phase-matching scheme of this process is similar to the one in
guasi-phase-matching by periodically poled devices. In their study of tuning and
tolerances of this process, Fejer et al. [13] derived the tolerance of the SHG

efficiency to any parameter the phase mismatch Ak depends on.

From equation (2.8), we observe that the efficiency reduces to half of its perfectly

2
phased-matched value when exp{—(Akst“J }:% is satisfied. Therefore, the

mismatch Ak' for which the SHG process will be half as efficient as the phase

matched case is

Ak'= . (2.10)

Thus, in order to achieve an efficient SHG process, the coherence length, which is

proportional to Ak™, should be as long as the effective interaction length.

Following [13], we expand the mismatch Ak dependence on the pump angle l9p to

first order Ak(é’p) = (Bp —pro)giak

p

, Where Hp,O is the angle of the pump beam

0,=0,0

at perfect phase-matching. Using Eqg. (2.10), the FWHM of the rocking curve

-1

4+/In 2

L

OAk

— . Using Egs. (A.8) for the phase
00,

0,=0,0

AB, pyuw is therefore AG, oy =

s—t

mismatch, we derive by the geometry of the phase-matching scheme that
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ank
00

P &p=0p0

:2kptan(¢9p‘0+¢95h’0), where 6, , is the SH angle at perfect phase-

matching. Since the dispersion in x-ray frequencies is relatively weak, we may
assume that the perfect phase-matching angles of the pump and SH beams are close

to the Bragg angle of the SH frequency ;. Therefore, we find that the FWHM angle

of the rocking curve is

AO, popay = ——2N2___ (2.11)
kL, tan(26;)

Assuming the parameters in section 2.3, we get A&, o, =49.5 urad, which is in

good agreement with Fig. 2.2(c). Since both the TL and LC pump structures of the

same bandwidth have the same walk-off length L, ,, their rocking curves are similar,

as demonstrated in Fig. 2.2(c).

The phase-matching bandwidth of the SHG process is derived in a similar

manner. We expand the dependence of the mismatch Ak on the pump frequency

w, to first order Ak(a)o):(a)o—a)c)a , where @, is the central pump
0 W=y

frequency for which there is perfect phase-matching. Assuming weak dispersion

on(m
( 0) =0 and again using Egs. (A.8), we get G‘Ak =
ow, ow,
0 0 |y =,
2 n(2a,) _ ‘
— n(a)c)— . Taking both perfect phase-matching angles Hpo, (7
c cos(ep,0 +6’sh,o) ’ '

as 6, and, furthermore, taking the indices of refraction at both the pump and SH
frequencies as unity, we get the FWHM phase-matching bandwidth
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In2cos(26;)c

, (2.12)
L, sin®(6;)

A@cyypy =

giving a value of 1.53x10" Hz (1 eV) for the parameters in section 2.3, which is
confirmed with an additional simulation. The dispersion has very little influence on
the phase-matching bandwidth, which is determined mainly by the noncollinear

nature of the phase-matching scheme.

It is possible to broaden the phase-matching bandwidth by replacing the perfect
crystal with an imperfect crystal having a certain mosaic spread. As in linear Bragg
diffraction, the angular distribution of the atomic planes throughout the crystal leads
to a broader bandwidth since more frequencies of the incoming beam are able to be
phase-matched at a certain point along the crystal. This broadening comes in the
expanse of the peak diffraction efficiency. This effect has been verified by further
simulations, assuming the crystal is composed from thin slabs of length Az, that are
infinite in the x-y direction and considered by themselves as perfect crystals.
Assuming a Gaussian angular distribution, we randomly vary the direction of the
reciprocal vector G between each slab. As expected, for a given angular distribution

of the mosaic spread, the optimal SHG efficiency occurs when the slab thickness Az,
is on the order of the effective interaction length L., or larger, where the phase-

matched part of the pump spectrum coherently contributes to the generated SH

field as if it was propagating in a perfect crystal.
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2.5. Summary

In summary, this work analyzed the process of SHG at x-ray wavelengths from short
and focused pulses. Modeling the input pump pulse using both deterministic and
random spiky pulse structures, | simulated a recently performed experiment
observing SHG using a pump pulse from an XFEL and showed good agreement with
the experimental results. In addition, | studied several general aspects regarding the
efficiency optimization and tolerances of the x-ray SHG process. Since the nature of
the nonlinearity causes the pump and SH to propagate in different directions, the
finite interaction distance between them may limit the efficiency increasement when
focusing in a direction parallel to the scattering plane. However, this consideration
does not affect the efficiency growth by focusing in the direction normal to the
scattering plane, which is effective until the confocal parameter is in the order of the
crystal length. Finally, under the assumptions of negligible elastic Bragg scattering of
the generated SH, which we found to be reasonable in the case of the recently
performed experiment, and small scattering angles, we showed simple analytical
expressions for the total efficiency, rocking curve width, and phase-matching

bandwidth of the SHG process.
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3. X-Ray-Pulse Characterization by Spectral Shearing

Interferometry Using Three-Wave Mixing

The intense ultrashort pulses generated by XFELs have opened new possibilities for
probing and imaging structures and dynamics of matters on a time scale of tens of
femtoseconds [14-17]. Indeed, the number of experiments and theoretical studies
relying on ultrashort pulses at x-ray wavelengths is growing rapidly. Complete pulse
characterization, including both amplitude and phase, could be essential when
analyzing the results of those experiments. For example, intense x-ray spikes can
modify the electronic configuration in matter via photoabsorption and
recombination processes occurring on a femtosecond time scale [18]. Since any
pulse emerging from a self-amplified spontaneous emission- (SASE) based XFEL
contains a large number of randomly distributed spikes over a duration of several
femtoseconds, the electrons do not return to their original configuration between
the spikes. Consequently, the interpretation of the ultrafast electronic response to x-
ray pulses requires the knowledge of the temporal structure of the pulses. In
addition, the understanding of the temporal structure of the pulses emerging from
the XFELs will improve their performances in a manner similar to the contributions of
ultrafast diagnostic techniques to lasers in the optical regime. Other fields where the
phase variation in the pulse and its temporal coherence are important are related to

coherent processes in both electronic and nuclear interactions with x-rays [19,20].

Methods for the full characterization of ultrashort pulses have been shown to be

very successful in a broad spectral range from infrared wavelengths to ultraviolet
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wavelengths. Methods such as frequency-resolved optical gating (FROG), spectral
interferometry for direct electric-field reconstruction (SPIDER) and their variations,
have been highly successful in complete characterization of ultrashort pulses [21,22].
Many of these methods rely on the rapid nonlinear response of electrons in

materials as an essential component in their scheme.

Unfortunately, nonlinear processes, such as second-harmonic generation [9] and
two-photon absorption [23], are very weak in the x-ray regime. In addition, the
random and spiky nature of the XFEL pulses requires single-shot characterization of
the temporal structure. Thus in the absence of detectors with subfemtosecond

response times, the temporal characterization of x-ray pulses is extremely difficult.

Several methods have been proposed or demonstrated for the characterization of x-
ray pulses. Some approaches involve the same electron beam used for the
generation of the XFEL radiation, in which its energy loss and spread are temporally
resolved [24] or the electron beam is cross correlated with the x-ray field [25].
Another approach is a terahertz streaking measurement technique in which single-
cycle terahertz pulses are used in order to spectrally broaden the kinetic-energy
distribution of photoelectrons ejected by the x-ray pulse, having its temporal profile
[26]. However, those methods do not provide phase information, and their temporal
resolution is limited to above the few hundred attosecond pulse duration predicted

for SASE XFEL spikes.

In this chapter, | propose a method for the measurement of the full temporal
structure of x-ray pulses. Like other schemes based on spectral shearing

interferometry, the proposed scheme is inherently applicable for single-shot
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measurements, and the algorithm for the reconstruction of the temporal structure is
straightforward. In essence, in this scheme the measured x-ray pulse is mixed with
two synchronized optical pulses at different frequencies in the same nonlinear
medium to generate two spectrally shifted pulses. The two spectrally shifted replicas
of the incident pulse form a spectral interference pattern, which is resolved by a
single-shot spectrometer. The generation of the two replicas can be performed by
using the effect of x-ray and optical wave mixing [27]. This recently observed effect is
about four orders of magnitude stronger than other wave-mixing effects when all
pertinent wavelengths are in the x-ray regime. Of importance, since the intensity of
the generated signal scales linearly with the intensity of the optical and x-rays fields,
and since high power optical lasers are available today, the effect can be observed
with all pertinent beams unfocused and with optical pulse durations of several
picoseconds. Hence this scheme is independent of the jitter of the x-ray pulses, and
the spatiotemporal phase distortion during the nonlinear process due to focusing is

minimized.
3.1. Retrieving the Spectral Phase

The temporal pulse structure E(t) can be fully represented by its spectrum via a
Fourier transform, namely, E(a)): A(a))ei"’(“’). Here A(w) is the spectral
amplitude, and go(a)) is the spectral phase. Consequently, the full characterization

of ultrashort pulses can be obtained by the measurements of both the spectral
amplitude and the spectral phase of the electric field. The measurement of the

spectral amplitude is relatively easy and usually is performed by using a
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spectrometer with a slow detector, which is an advantage when characterizing
ultrashort pulses having a temporal duration shorter than the possible electronic
response time. The measurement of the spectral phase is more challenging since
interferometric measurements using linear optical components and slow detectors
measure only the power spectrum of the pulse. In order to retrieve the spectral
phase, spectral interference between two spectrally shifted replicas of the tested
pulse is being used in devices based on SPIDER techniques [21,28]. Generally, the

power spectrum of the superposition of two spectrally shifted replicas E(a)—Ql)

and E(w—Q,) of the test pulse has the form of

=[A(0-0)] +[A(0-2,)]

+2A(0-Q) A(0-Q, )cos[ p(0-Q,)-p(0-Q,)+¢ — ¢, — o7 |-

| (@) ~[e*E(0-0)+e* " E (0-0,)

(3.1)

Where Q, and Q, are the spectral shift of each of the replicas, ¢ and ¢, are the
global phase of each replica, and 7 is a possible temporal delay between them.
Extracting ¢@(w—Q,)—@(w—CQ,), one obtains the phase difference between
spectral components AQ=Q,-C€ apart. In essence, spectral shearing

interferometry converts spectral phase information to spectral amplitude
information, which is easier to measure. This straightforward noniterative

reconstruction process gives the pulse spectrum at sequential points E(a)n), where

o, =aw, +AON with @, being a certain starting point. For pulses with compact

support over a duration of T, the Nyquist-Shannon sampling theorem states that, if

. o . . . 2r
the sampling in the spectral domain is carried out with an interval of AQS?, the
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original pulse E(t) may be fully reconstructed. Note that since only phase

differences between sequential points are measured, this method does not account

for the global phase and the pulse arrival time.
3.2. Spectral Shearing via X-Ray and Optical Wave Mixing

The scheme proposed in this work is based on the spectral interference between
two frequency-shifted signals. One possible way to generate these signals in the x-
ray regime is to use the effect of x-ray and visible wave mixing. Here the x-ray pulse

(with a central angular frequency ®,) is mixed with two nearly monochromatic
optical pulses with central angular frequencies Q, and Q,. Their frequency

difference AQ corresponds to the shift required for the spectral interference
pattern. By observing the different terms in Eq. (1.3), it has been shown by Glover et
al. [27] that in the x-ray and optical wave-mixing process, the dominant contribution
to the nonlinear current density is the Doppler term, originated from the inelastic

scattering of the x-ray field by the optically induced charge distribution:

Q) (A0 GO 1d
T, ()= 2 02 = 0,

E, (F,t)ei(k*“‘L””+G>'F7i(“’*m“)téX +cc. (3.2)

iqE, (F,t)
2m o,

e X

ik, T-iot 4

Where \7&) = e e, +C.C. is the first-order induced velocity by the x-ray

field, the x-ray pump pulse and the optically induced charge distribution are written

: . - 1 o\ ik rioga
as an envelope times a carrier wave Ex(r,t)=EEX(r,t)e'k”""*tex+c.c.,

n _ 1
p((él,)gj,z ( ' ) = Ep((il,)%z

X

. i(kpyp +G ) F-iCy,t ~ —
(r,t)e'( L)%t e K and k ., are the wave vectors of
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the x-ray and the optical carrier fields, respectively, Gisa specific reciprocal lattice

vector, p(}) is the IZL’l,2+G spatial Fourier component of the optically induced

Gy,
charge distribution, m, and q are the electron's mass and charge, respectively, and

€, is the x-ray pump polarization vector. We estimate the optically induced charge

@)

Péa,, which scales linearly with the IR or visible electric field, by using the

tabulated indices of refraction at 2, and €2, .

3.3. The Proposed Scheme

| consider here a scheme in which the two frequency-shifted replicas are generated
in the same nonlinear medium. This scheme minimizes the number of optical
components, such as beam splitters and mirrors, required for the inspection of the
pulse structure. A sketch of a possible setup for x-ray pulse characterization by
spectral shearing interferometry using one nonlinear medium is shown in Fig. 3.1(a).
Since the frequency shifts of the two generated replicas are different, they
propagate in different directions, imposed by the phase-matching conditions as
described in Fig. 3.1(b). However, since the K -vector of the optical wave is much
smaller than the Kk -vectors of the x-ray waves and since dispersion in the x-ray
regime is relatively weak, there are two possible approaches in which the spectral
interference pattern could be obtained without additional x-ray optical components.
The first approach it to impose that the two frequency-shifted replicas propagate in
the same direction by simultaneous optimization of the phase mismatch for both
frequency mixing processes. Both sum-frequency generation (SFG) signals would

propagate efficiently in the same direction as long as the crystal length is smaller
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than the coherence lengths of both processes. The second approach, which | choose
for the following analysis, is to use the smallest possible angle between the two SFG
beams while keeping the exact phase-matching conditions for both mixing
processes. When using the second approach, a spatial fringe pattern is added to the
interference pattern described in Eq. (3.1). Fortunately, it is easy to generalize Eq.
(3.1) to include this spatial fringe pattern, which is a simple oscillatory function in the
case of no transverse phase variations. In the case where the measured pulse is not a
plane wave, the spectral phase retrieval requires the knowledge of the spatial
structure of the pulse. Also, one should note that the extraction of the phase

difference p(w—Q,)—@(w—Q,) is possible only when the phase between the two

SFG beams is locked to a known value [29]. In addition, the third term of Eq. (3.1)

should not be an even function of p(w—<,)—@(w—Q,), otherwise the sign of the

requested phase difference cannot be resolved. Therefore, it is assumed that

& -9, =% for the following analysis.
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FIG. 3.1. (a) Schematic example of the spectral shearing interferometer. A small
fraction of the tested x-ray pulse is used for the measurement of its power spectrum.
The pulse is mixed with two lasers with different optical frequencies in a nonlinear
crystal. The generated signal is spectrally resolved to give the spectral shearing
interference pattern from which the phase difference between neighboring spectral

components is deduced. (b) Phase-matching diagram for the two SFG processes. The

mismatch vector for each process is defined as Alzl,z = IZX + EL,I/Z +G— IZSFGM .

3.4. Simulating the Generated Interference Pattern

In this section | numerically solve the propagation equations describing the
generation of the spectral interference pattern. The electric fields of the sum-

frequency generated signals are written as an envelope times a carrier wave

2 . 1 — ik, =i, + A .
Egroun (Fo1) = > Egro v (T 1) (el +CC.. The  phase-matching

conditions are Alzl,z=IZX+|ZL’1,2+(§—kSFG’1,2=O. The slowly varying envelope

equation for each of the SFG fields generated by the nonlinear current densities

described in Eq. (3.2) is as follows:
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+C0S( By 1) P o =
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(3.3)

70 (4 4 .
g (6B A, E(1)

where v, and 7, are the group velocity and the wave impedance inside the

crystal at the frequency o, +€,,, respectively. X and z are the coordinated in the

scattering plane parallel and normal to the crystal surface, respectively. The k-
vectors of the pertinent beams are chosen to satisfy the exact phase-matching
conditions for both mixing processes, where the two SFG fields are generated in the

very nearly same direction.

Eqg. (3.3) is numerically solved by the fast-Fourier-transform method with respect to
variables x and t and an integration with respect to z. The considered nonlinear
medium is a perfect silicon crystal. We assume that the (111) reflection is used to
achieve phase-matching and that the thickness of the crystal is 10 zm. Stochastic
test pulses as described in section (2.2) are assumed, having for simplicity a
symmetric Gaussian (TEMgg) shape for the transverse field. We assume the average
FWHM bandwidth of these pulses is 1€V centered at 10 keV , the average FWHM
duration is 20 fs, the beam FWHM waist is 100 #m, and the polarization direction is
taken to be normal to the scattering plane. The x-ray pulses are mixed with two IR
quasimonochromatic plane-wave beams at 1.88 and 1.91 um, both polarized in the
scattering plane. The corresponding spectral distance between the optical pulses is

AQ=0.01eV. The directions of propagation of the two lasers affect the efficiencies

of the nonlinear processes (optimal with the polarization parallel to G ); the angle

between the two SFG signals (which should be small in order to reduce the spatial
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interference) and their deviation from the Bragg angle (which should be large in
order to reduce the elastic scattering background of the test pulse). With the
preference being a higher SFG efficiency and deviation from the Bragg angle than a
smaller angle between the two SFG signals, both laser beams are assumed to be
almost perpendicular to G as in Fig. 3.1. With exact phase matching for both
nonlinear processes giving an angle of 2.8° between the two optical lasers, the angle

between the propagation directions of the two SFG fields Oy, — O, is 11.6 urad,
whereas their angular deviation from the Bragg angle is 413 urad. The assumed

optical pulses are of 1ps duration with a peak intensity of 10" W /cm?, which is
below the IR damage threshold of silicon [30]. It is important to note that with a
pulse duration of 1ps and a crystal length of 10 zm, the GVM between the x-ray
and the optical pulses is negligible. However, there is a GVM between the x-ray test
pulse and the SFG field, which limits the phase-matching bandwidth of the nonlinear
process. An example for the power spectrum of the SFG signal is shown in Fig. 3.2.

For these parameters, the average efficiency of the x-ray and optical mixing is about

10°°,

The full spectral interference pattern is distributed over an angular spread of about

30 urad since different angles satisfy phase-matching conditions for different

portions of the pulse spectrum. This distribution constrains the angular tolerance of

the single-shot spectrometer.

Using the spectral interference pattern and the power spectrum of the original

test pulse, which could be obtained by an additional single-shot spectrometer as
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shown in Fig. 3.1(a), the phase differences p(w—Q,)—¢(w-Q,) are extracted,
from which the pulse spectrum (amplitude and phase) at sequential points E(a)n) is

calculated. Following that, an inverse Fourier transform of this spectrum is used to

reconstruct the original temporal structure of the test pulse E(t). An example of

the reconstructed and the original temporal structures is shown in Fig. 3.3.
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FIG. 3.2. An example of the power spectrum for a signal generated by the two SFG
processes. (a) The angular-spectral power distribution of the generated signal,
showing the direction in which different portions of the spectrum propagate. (b) The
power spectrum of the combined signal from the two generated SFG signals. This

power spectrum portrays the concerning spectral interference pattern.
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FIG. 3.3. Reconstruction of a random x-ray pulse. The black solid line describes the
temporal structure of a stochastic x-ray test pulse produced by the model described
in section (2.2). The green dots describe the reconstruction from the spectral
interference pattern [Fig. 3.2(b)], obtained for the test pulse by using two nonlinear
mixing processes with optical lasers at 1.88 and 1.91 um as the shearing

mechanism, the nonlinear medium being a 10- um Si crystal, and by using the power

spectrum of the tested pulse.
3.5. Discussion

In this section the practical limitations and constraints of the proposed scheme are
discussed. One of the major challenges is that the amplitudes and phases of the
pulses emerging from XFELs fluctuate randomly. Thus, the temporal structure of
different pulses is substantially different. Consequently, the measurement of the
spectral interference pattern requires the use of a single-shot spectrometer with a
resolution that is adequate to capture significant phase variations over the pulse

spectrum. Fortunately, several successful schemes for the shot-by-shot
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measurement of spiky XFEL pulses with spectral resolutions of 14 meV have been

demonstrated [31-33].

A pulse-shape reconstruction is reliable only when the spectral interference of
neighboring spectral components is revealed. The upper bound of the spectral
difference AQ is limited by the Nyquist-Shannon sampling theorem. The lower
bound of AQ is determined by the visibility of the interference and the ability of the
apparatus to resolve the interference pattern. Furthermore, since only the phase
differences between spectral components AQ apart are measured, the

characterization is incomplete if the spectral amplitude A(a)) is zero over a

frequency interval larger than the spectral difference AQ. In these cases, an
additional similar scheme having a spectral shear greater than this interval is

required in order to achieve the full characterization of the spectral phase.

The efficiency of the SFG process increases with the crystal length. However,
there are several restrictions on the practical crystal thickness that may be used for
the spectral shearing. Since the coherence length of the nonlinear process is
inversely proportional to the phase mismatch, a thin crystal is necessary to achieve a
phase-matching bandwidth comparable to the bandwidth of the inspected pulses. In
addition, spatial variations in the test pulses and the noncollinear geometry of the
nonlinear process in thick crystals induce a spatiotemporal coupling, which adds
distortions to the generated SFG fields, which thus blurs the temporal structure
encoded in the interference pattern. These restrictions have been verified by further
numerical simulations, varying the crystal thickness and assuming other diffraction

planes, thus having different propagation geometries.
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3.6. Summary

To summarize, | have described a method to fully characterize the temporal
structure of ultrashort hard x-ray pulses. The method is based on the spectral
interference between two sheared replicas of the original pulse, generated by three-
wave mixing with IR or visible lasers. Practically, the scheme is limited by the
efficiency and bandwidth of the x-ray and optical mixing process and by the

performance of the single-shot spectrometer.

The proposed scheme has several important advantages: (1) It works on a single-
shot basis and does not require moving parts. (2) The temporal jitter of the x-ray
pulses does not influence the measurement since the duration of the optical pulses
can be much longer than the maximum jitter. (3) The nonlinear medium can be a
thin crystal to minimize propagation distortions of the tested pulse. (4) The
measured quantities are only the power spectra of the tested pulse and its
interfering replicas. (5) The retrieval algorithm of the pulse structure s
straightforward, and the only ambiguities are the global phase and the pulse arrival

time.
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4. Outlook

The successful operation of XFELs, producing intense ultrashort x-ray pulses, has
introduced a novel tool for the study of structure and dynamics of matter. The
ongoing research utilizing XFEL radiation in physics, chemistry, and biology, has
already provided fruitful results, which creates an increasing interest in XFEL science
and its applications. Among the scientific fields that benefit from the use of XFELs,
nonlinear x-ray optics has advanced considerably. Using XFEL radiation, fundamental
nonlinear processes such as x-ray SHG [9], x-ray and optical wave mixing [27], and x-

ray two-photon absorption [23], were observed.

The purpose of this thesis was to investigate two problems related to nonlinear x-
ray optics. In chapter 2 a detailed study of x-ray SHG was shown, which addressed
the unique differences of this process compared to conventional optical SHG.
Further research regarding x-ray SHG may concern pulse inspection techniques, such
as intensity autocorrelation, and additional modeling of the nonlinear response of
matter to x-rays. Next, an x-ray pulse characterization technique based on spectral
shearing interferometry, using x-ray and optical wave mixing as the shearing
mechanism, was suggested in chapter 3. Pulse characterization techniques could
become essential for the interpretation of ultrafast x-ray diffraction experiments.
Furthermore, they may be used to improve the performances of XFELs in a manner
similar to the characterization of ultrafast lasers in the optical regime. Further
research regarding this approach may include the optimization of the nonlinear
mixing process, considering, for example, different nonlinear media with stronger

nonlinearity and higher damage threshold.
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Appendix: Derivation of Second Harmonic Generation

Efficiency

In order to calculate the efficiency of the SHG process, | follow the work of Wang et
al. [10]. In their paper, the authors analyzed SHG processes for focused and short
pump pulses, using an ooe type-l phase matching scheme. In these processes the
generated SH, which has an extraordinary polarization, propagates with a certain
walk-off angle p relative to the ordinary polarized pump beam due to Poynting
vector walk-off. This propagation problem is analogous to the one studied in this

work, with the only difference being the origin of the spatial walk-off angle.

The pump and SH fields are defined as an envelope times a carrier wave

E,(F.t)= 1 E, (f,t)ei(R”'f_”"t)ép +cc, Ey(Ft)==E, (f,t)ei(k‘s”r_zw"t)éSh +CC. We

assume a linearly chirped Gaussian envelope for the pump field, which propagates in

the z direction (see Fig. A.1):

E
E (XV,2zt)= 0
p( ) J(l_iTX(Z))(l_iTy(z))
, , ( ) 2\ (A
B X B y _ 1+ig 1
W 1in(2) W, (1-in (7)) (t v, (a)o)]
We define rx(z):—z(z_zo’x) and ry(z)=—2(zb_zo’y). W,,, Wy, and 7 determine
X y

the Gaussian pulse size and duration, respectively. z, and z, set the focal point,

0,y
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¢ defines the linear chirp and b, =k(a,)W;,, b, =k(@,)w;, are the confocal

0,y

parameters inside the material.

Pump

X J"(f

|

yu'0 'z L

FIG. A.1. The pump beam propagates parallel to the z direction at the group velocity

V, (@), and generates SH field which propagates at the group velocity v, (2a,),

with some walk-off angle p from the pump.

Since the pump beam generates SH field throughout its propagation inside the
nonlinear crystal, we start by writing the infinitesimal increment of the SH field at

some arbitrary point (x',y',z"t") [7]:
dE, (X', y"z"t")=ixE; (X" y'"z',t")exp(iAkz")dz". (A.2)

o 1" (200y; @y, @, )

) . By inserting the pump envelope (A.1) into Eq. (A.2)
ng.C

Where x =

we get:
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e,y i) - NE RN {zﬁtm - J
N e Gl

1

exo| 2x? ~ 2y " |
J(l—irx(z'))(l—iry(z')) p{ Wg,x(l_iTX(zl)) Wg,y(l_iry(zl))]

(A.3)

X

Since the term in brackets may be identified as the Gaussian TEM, solution for the

paraxial wave equation, we propagate this field from z' to the output surface L by

merely replacing z'=L within this term.

The generated SH field at each source point (x', y', z',t') will propagate towards
the observer at its group velocity vg(2a)0) in a direction parallel to its Poynting

vector. Therefore, an observer at a point on the output end of the crystal

(x,y,z=L,t) will see the SH field generated at
x—(L-2)tan(p), y, z', t— L-2z forz'=[0,L], as in Fig. A.1.
v, (2ay)cos( p)

Using the paraxial approximation, we follow the last two arguments and integrate
the infinitesimal SH field increment in Eq. (A.3) with respect to z'. Therefore, we

obtain the observed SH field at (X, y, L,t):

. (xy,Lt)= ixE? L exp(iAkz')
( Y ) \/( ITX( ))(1 iT ( ))'([J(l—irx(z'))(l—iry(z'))

o (x (L— Z)tan(p)) ~ 2y? _2(1+i§) B L N - 2 7"
Pl = w2, (1-ir, (L)) wg,(l-ir, (L)) 7 (t vy (20 )cos(p) o Hd |

(A.4)
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Where GVM = L 1 is the group velocity mismatch.

vy (20,)c05(p) Y, ()

In order to evaluate the efficiency of the SHG process, we start by calculating the

pulse energy of the entering pump beam using the envelope in Eq. (A.1):

U, zgocin T T‘Ep X,¥,0,t ‘ dxdydt = en, Wy, W, 7|Eo| (A.5)

—00 —00 —00 4\/5

Similarly, the pulse energy of the generated SH field at the output end of the crystal
z=L may be written in a general form using Eq. (A.4) and some algebraic

manipulation:

o0 00 ®©

Uy =2 e | | |

—00 —00 —00

E,, (% v, L,t)[ dxdydt

2
exp(iAk(z, -z, ))exp[_ (Z1L—222) szldz2
s—t

3/2 LL
=%|K|ZWOXWMT|EO|“”

16 e 2% \/(1—iz-x(zl))(l—iry(Zl))(l+iz'x(zz))(l+iry(22))-

(A.6)

2

-1/2
tan’
Defining Ls_t=( (o ) & +1GVM j as the effective walk-off length.
Wy, 7’

Therefore, the general expression for the efficiency of the SHG process is derived by

using Eqg. (A.5) and (A.6):

s—t

) W, H exp(iAk (z, -z ))e><r{_(zll_222)2]dzldz2 |
Uy Vw700 [(1-ir, (2,))(1-iz, (2)) (Lt iz, (2,))(L+iz, (2,))

(A.7)
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As mentioned, the walk-off angle in x-ray SHG arises from the noncollinear nature of
the phase-matching scheme, as seen in Fig. A.2, as opposed to the Poynting vector
walk-off due to the propagation of an extraordinary polarized SH in a birefringent

material.

(b)

y VA

FIG. A.2. The SHG process phase-matching scheme in the case of (a) perfect phase-

matching, and (b) some nonzero phase mismatch.
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Assuming that in perfect phase-matching condition the pump wave-vector kp is

parallel to the z direction, as in Fig. A.2(a), and the scattering plane lays in the x-z

plane, we decompose the arbitrary phase mismatch vector AIZ=2IZp +(§—|Zsh into

its two components:

Ak, =2k, sin (Hp —epyo)—e cos(epyo)— K, sin (9p,o + esh) (A.8a)
Ak, =2k, cos(8, 6, ,)—Gsin (6, ,)—k,, cos(6,, +6,,) (A.8b)

Where 6,, and 6, , are the pump and SH carrier wave-vector angles relative to the

atomic planes at perfect phase-matching geometry, respectively, as shown in Fig.

A.2.

The integration with respect to z' in Eq. (A.4) displays the fact that the
propagation problem of the SHG process is solved by accumulating the contributions
to the SH output field generated by infinitesimal slabs at each z' inside the crystal.

Therefore, it will be convenient to choose the mismatch vector to be entirely in the z
direction Ak = Ak,Z, having perfect phase-matching in the direction parallel to the
crystal surface Ak, =0. In the case of monochromatic plane waves, this restriction

on the phase mismatch vector origins from boundary conditions [34].

In the discussion of Chapter 2, a symmetric Laue geometry is assumed, as in Fig.
(1.1), where z is directed normal to the crystal surface. In order to use the

derivations made in this appendix, we simply replace the crystal length L by

m, in accordance with the different propagation geometry. Although the
CcosSs
p
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pump and SH waves have changed their propagation direction, in the regime of

L, , <L, where the contribution of the first and last interaction lengths are
negligible relative to the SH signal generated throughout the whole crystal, it is still

possible to use Eq. (A.7) and assume a phase mismatch in the form of AIZ:Akzi,

since the correct boundary conditions E, (x, Yy, 2= O,t) =0 are assumed.
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