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X-ray-pulse characterization by spectral shearing interferometry using three-wave mixing
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We describe a method for measuring the field profile of x-ray ultrashort pulses including phase information.
The scheme is based on spectrally interfering two replicas of the same pulse, which are spectrally shifted
via three-wave mixing with IR or visible beams. Using a single-shot spectrometer the scheme can be used
for the inspection of individual ultrashort x-ray pulses with random amplitudes and phases. Examples for
characterization of stochastic pulses with a bandwidth of 1 eV are given, including criteria for a successful
measurement.
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X-ray free-electron lasers (XFELs) producing intense ultrashort pulses have become operative [1,2] and have opened
new possibilities for probing and imaging structures and
dynamics of matters on a time scale of tens of femtoseconds [3–6]. Indeed, the number of experiments and theoretical
studies relying on ultrashort pulses at x-ray wavelengths is
growing rapidly. Complete pulse characterization, including
both amplitude and phase, could be essential when analyzing
the results of those experiments. For example, intense x-ray
spikes can modify the electronic configuration in matter via
photoabsorption and recombination processes occurring on a
femtosecond time scale [7]. Since any pulse emerging from
a self-amplified spontaneous emission- (SASE-) based XFEL
contains a large number of randomly distributed spikes over a
duration of several femtoseconds, the electrons do not return to
their original configuration between the spikes. Consequently,
the interpretation of the ultrafast electronic response to x-ray
pulses requires the knowledge of the temporal structure of
the pulses. In addition, the understanding of the temporal
structure of the pulses emerging from the XFELs will improve
their performances in a manner similar to the contributions of
ultrafast diagnostic techniques to lasers in the optical regime.
Other fields where the phase variation in the pulse and its
temporal coherence are important are related to coherent
processes in both electronic and nuclear interactions with x
rays [8,9].
Methods for the full characterization of ultrashort pulses
have been shown to be very successful in a broad spectral
range from infrared wavelengths to ultraviolet wavelengths.
Methods, such as frequency-resolved optical gating, spectral
phase interferometry for direct electric-field reconstruction
(SPIDER) and their variations, have been highly successful in
complete characterization of ultrashort pulses [10,11]. Many
of these methods rely on the rapid response of a nonlinear
process of electrons in materials as an essential component in
their scheme.
Unfortunately, nonlinear processes, such as secondharmonic generation [12] and two-photon absorption [13],
are very weak in the x-ray regime. In addition, the random
and spiky nature of the XFEL pulses requires single-shot
characterization of the temporal structure. Thus in the absence
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of detectors with subfemtosecond response times, the temporal
characterization of x-ray pulses is extremely difficult.
Several methods have been proposed or demonstrated for
the characterization of x-ray pulses. Some approaches involve
the same electron beam, used for the generation of the XFEL
radiation, in which its energy loss and spread are temporally
resolved [14] or the electron beam cross correlated with the
x-ray field [15]. Another approach is a terahertz streaking
measurement technique in which single-cycle terahertz pulses
are used in order to spectrally broaden the kinetic-energy
distribution of photoelectrons ejected by the x-ray pulse,
having its temporal profile [16]. However, those methods do
not provide phase information, and their temporal resolution
is limited to above the few hundred attosecond pulse duration
predicted for SASE XFEL spikes.
Before we proceed, we note a scheme proposed for the
measurement of attosecond soft x-ray pulses. That scheme
is based on the coherent generation of photoelectrons which
contain the phase information of their generating x-ray pulse.
This effect has led to the proposal of implementing a spectral
shearing interferometry scheme to the wave packets of those
photoelectrons [17] where the spectral shift is achieved by a
strong optical laser.
In this paper, we describe a method for the measurement
of the full temporal structure of x-ray pulses with the global
phase being the only ambiguity. Like other schemes based
on spectral shearing interferometry, the scheme we propose
is inherently applicable for single-shot measurements, and the
algorithm for the reconstruction of the temporal structure is
straightforward. In essence, in this scheme the measured x-ray
pulse is mixed with two synchronized optical pulses at different
frequencies in the same nonlinear medium to generate two
spectrally shifted pulses. These two spectrally shifted replicas
of the incident pulse form a spectral interference pattern, which
is resolved by a single-shot spectrometer. The generation of
the two replicas can be performed by using the effect of x-ray
and optical wave mixing [18]. This recently observed effect
is about four orders of magnitude stronger than other wavemixing effects when all pertinent wavelengths are in the x-ray
regime. Of importance, since the efficiency of the x-ray and
optical mixing depends on the intensity of the optical lasers
and since high power optical lasers are available today, the
effect can be observed with all pertinent beams unfocused and
with optical pulse durations of several picoseconds. Hence our

033805-1

©2014 American Physical Society

S. YUDOVICH AND S. SHWARTZ

PHYSICAL REVIEW A 90, 033805 (2014)

scheme is independent of the jitter of the x-ray pulses, and the
spatiotemporal phase distortion during the nonlinear process
due to focusing is minimized.
The temporal pulse structure E(t) can be fully represented
by its spectrum via a Fourier transform, namely, Ẽ(ω) =
A(ω)eiϕ(ω) . Here A(ω) is the spectral amplitude, and ϕ(ω) is
the spectral phase. Consequently, the full characterization of
ultrashort pulses can be obtained by the measurements of both
the spectral amplitude and the spectral phase of the electric
field. The measurement of the spectral amplitude is relatively
easy and usually is performed by using a spectrometer with
a slow detector, which is an advantage when characterizing
ultrashort pulses having a temporal duration shorter than the
possible electronic response time. The measurement of the
phase is more challenging mainly because interferometers with
slow detectors measure only the power spectrum of the pulse.
In order to retrieve the spectral phase, spectral interference
between two spectrally shifted replicas of the tested pulse is
being used in devices based on SPIDER techniques [10,19].
Generally, the power spectrum of the superposition of two
spectrally shifted replicas Ẽ(ω − 1 ) and Ẽ(ω − 2 ) of the
test pulse has the form of
I (ω) ∼ |eiφ1 Ẽ(ω − 1 ) + ei(φ2 +ωτ ) Ẽ(ω − 2 )|2
= [A(ω − 1 )]2 + [A(ω − 2 )]2
+ 2A(ω − 1 )A(ω − 2 )cos[ϕ(ω − 1 )
− ϕ(ω − 2 ) + φ1 − φ2 − ωτ ],

(1)

where 1 and 2 are the spectral shift of each of the
replicas, φ1 and φ2 are the global phase of each replica,
and τ is a possible temporal delay between them. Extracting
ϕ(ω − 1 ) − ϕ(ω − 2 ), one obtains the phase difference between spectral components  = 2 − 1 apart. In essence,
spectral shearing interferometry converts spectral phase information to spectral amplitude information, which is easier
to measure. This straightforward noniterative reconstruction
process gives the pulse spectrum at sequential points Ẽ(ωn ),
where ωn = ω0 +  n with ω0 being a certain starting
point. For pulses with compact support over a duration of
T , the Nyquist-Shannon sampling theorem states that, if
the sampling in the spectral domain is carried out with
an interval of   2π
, the original pulse E(t) may be
T
fully reconstructed. Note that since only phase differences
between sequential points are measured, this method does not
account for the global phase or, equivalently, the pulse arrival
time.
Our scheme is based on the spectral interference between
two frequency-shifted signals. One possible way to generate
these signals in the x-ray regime is to use the effect of
x-ray and visible wave mixing. Here the x-ray pulse (with
a central angular frequency ωx ) is mixed with two nearly
monochromatic optical pulses with central angular frequencies
1 and 2 . Their frequency difference  corresponds to the
shift required for the spectral interference pattern. In the x-ray
and optical wave-mixing process, the dominant contribution
to the nonlinear current density is originated from the inelastic
scattering of the x-ray field by the optically induced charge
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is the kL,1/2 + G spatial Fourier component of the optically
induced charge distribution, m and q are the electron’s mass
and charge, respectively, and êx is the x-ray pump polarization
(1)
vector. We estimate the optically induced charge ρG,
 1/2 , which
scales linearly with the IR or visible electric field, by using the
tabulated indices of refraction at 1 and 2 .
We consider here a scheme in which the two frequencyshifted replicas are generated in the same nonlinear medium
(although more than one crystal may be used). This scheme
minimizes the number of optical components, such as beam
splitters and mirrors, required for the inspection of the pulse
structure. A sketch of a possible setup for x-ray pulse characterization by spectral shearing interferometry using one nonlinear
medium is shown in Fig. 1(a). Since the frequency shifts of the
two generated replicas are different, they propagate in different
directions, imposed by the phase-matching conditions as
described in Fig. 1(b). However, since the k vector of the
optical wave is much smaller than the k vectors of the x-ray
waves and since dispersion in the x-ray regime is relatively
weak, there are two possible approaches in which the spectral
interference pattern could be obtained without additional x-ray
optical components. The first approach is to impose that the
two frequency-shifted replicas propagate in the same direction
by simultaneous optimization of the phase mismatch for both
frequency mixing processes. Both sum-frequency-generation
(SFG) signals would propagate efficiently in the same direction
as long as the crystal length is smaller than the coherence
lengths of both processes. The second approach, which we
choose for the following analysis, is to use the smallest
possible angle between the two SFG beams while keeping the
exact phase-matching conditions for both mixing processes.
When using the second approach a spatial fringe pattern
is added to the interference pattern described in Eq. (1).
Fortunately, it is easy to generalize Eq. (1) to include this
spatial fringe pattern, which is a simple oscillatory function
in the case of no transverse phase variations. In the case
where the measured pulse is not a plane wave, the retrieval
of the spectral phase requires the knowledge of the spatial
structure of the pulse. Note that the extraction of the phase
difference ϕ(ω − 1 ) − ϕ(ω − 2 ) is possible only when the
phase between the two SFG beams is locked to a known
value [20]. In addition, the third term of Eq. (1) should not
be an even function of ϕ(ω − 1 ) − ϕ(ω − 2 ), otherwise
the sign of the requested phase difference cannot be resolved.
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FIG. 1. (Color online) (a) Schematic example of the spectral shearing interferometer. A small fraction of the tested x-ray pulse is used
for the measurement of its power spectrum. The pulse is mixed with two lasers with different optical frequencies in a nonlinear crystal. The
generated signal is spectrally resolved to give the spectral shearing interference pattern from which the phase difference between neighboring
spectral components is deduced. (b) Phase-matching diagram for the two SFG processes. The mismatch vector for each process is defined as
 − kSFG,1/2 .
k1/2 = kx + kL,1/2 + G

Therefore, we choose to take φ1 − φ2 = π2 for the following
analysis.
We calculate the envelopes of the electric fields of
sum-frequency-generated signals. We write the fields

as ÊSFG,1/2 (r ,t) = 12 ESFG,1/2 (r ,t)ei kSFG,1/2 ·r −i(ωx +1/2 )t êSFG,1/2 +
c.c. The phase-matching conditions are k1/2 =
 − kSFG,1/2 = 0. The slowly varying envelope
kx + kL,1/2 + G
equation for each of the SFG fields with the nonlinear current
densities described in Eq. (2) is as follows:
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(3)
where vg,1/2 and η1/2 are the group velocity and the wave
impedance inside the crystal at the frequency ωx + 1/2 ,
respectively. x and z are the coordinates in the scattering plane
parallel and normal to the crystal surface, respectively. We
choose the k-vectors of the pertinent beams to satisfy the exact
phase-matching conditions for both mixing processes, where
the two SFG fields are generated in the very nearly same
direction.
In order to model temporally stochastic x-ray pulses,
we assume an average Gaussian pulse envelope with pulse
duration τ and bandwidth E and construct a closely packed
train of coherent Gaussian spikes with random phases as the
following:


  ∞
z 2 
1

exp[iξn ]
E(z ,t) = exp − 2 t −
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Here
z is the propagation direction of the test pulse, τ0 =
√
2 2 ln 2
is the duration of a transform-limited Gaussian pulse
E
with full-width at half-maximum bandwidth E ( being the
reduced Planck constant), and τ is the duration between

the spikes (taken to be τ = τ50 ). Practically, the summation
index n takes enough values so that the constituting spikes
cover the Gaussian envelope. For each pulse we generate a set
{ξn } of uniformly distributed [0,2π ] random numbers. Similar
to Ref. [21], the average over a large number of these stochastic
pulses corresponds to the assumed average pulse structure. For
simplicity, we consider a symmetric Gaussian (TEM00 ) shape
for the transverse field profile [22].
We solve Eq. (3) numerically by the fast-Fourier-transform
method with respect to variables x and t and an integration with
respect to z. The nonlinear medium we consider is a perfect
silicon crystal. We assume that the (111) reflection is used to
achieve phase matching and that the thickness of the crystal
is 10 μm. We consider stochastic test pulses with an average
bandwidth of 1 eV centered at 10 keV and polarized normal
to the scattering plane. The average duration of the pulses is
20 fs, and the beam waist is 100 μm. The x-ray pulses are
mixed with two IR quasimonochromatic plane-wave beams at
1.88 and 1.91 μm, both polarized in the scattering plane. The
corresponding spectral distance between the optical pulses is
 = 0.01eV. The directions of propagation of the two lasers
affect the efficiencies of the nonlinear processes (optimal with
 the angle between the two
the polarization parallel to G);
SFG signals (which should be small in order to reduce the
spatial interference) and their deviation from the Bragg angle
(which should be large in order to reduce the elastic scattering
of the test pulse). With the preference being a higher SFG
efficiency and deviation from the Bragg angle than a smaller
angle between the two SFG signals, we choose to take both
 as in Fig. 1. With exact
laser beams almost perpendicular to G
phase matching for both nonlinear processes giving an angle
of 2.8° between both optical lasers, the angle between the
propagation directions of the two SFG fields θSFG,2 − θSFG,1 is
11.6 μrad, whereas their angular deviation from the Bragg
angle is 413 μrad. We assume 1-ps optical pulses with a
peak intensity of 1011 W/cm2 , which is below the IR damage
threshold of silicon [24]. We note that with a pulse duration of
1 ps and a crystal length of 10 μm the group-velocity mismatch
(GVM) between the x-ray and the optical pulses is negligible.
However, there is a GVM between the x-ray test pulse and
the SFG field, which limits the phase-matching bandwidth of
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FIG. 3. (Color online) Reconstruction of a random x-ray pulse.
The black solid line describes the temporal structure of a stochastic
x-ray test pulse produced by the model described in Eq. (4). The green
dots describe the reconstruction from the spectral interference pattern
[Fig. 2(b)], obtained for the test pulse by using two nonlinear mixing
processes with optical lasers at 1.88 and 1.91 μm as the shearing
mechanism, the nonlinear medium being a 10-μm Si crystal and by
using the power spectrum of the tested pulse.
FIG. 2. (Color online) An example of the power spectrum for a
signal generated by the two SFG processes. (a) The angular-spectral
power distribution of the generated signal, showing the directions in
which different portions of the spectrum propagate. (b) The power
spectrum of the combined signal from the two generated SFG signals.
This power spectrum portrays the concerning spectral interference
pattern.

the nonlinear process. We plot the power spectrum of the SFG
signal in Fig. 2. For these parameters, the average efficiency
of the x-ray and optical mixing is about 10−6 .
The full spectral interference pattern is distributed over
an angular spread of about 30 μrad since different angles
satisfy phase-matching conditions for different portions of the
spectrum. This distribution constrains the angular tolerance of
the single-shot spectrometer.
We use the power spectrum of the original test pulse,
obtained by an additional single-shot spectrometer as shown
in Fig. 1(a) and extract the phase differences ϕ(ω − 1 ) −
ϕ(ω − 2 ) from which the pulse spectrum (amplitude and
phase) at sequential points Ẽ(ωn ) is calculated. Following
that, an inverse Fourier transform of this spectrum is used
to reconstruct the original temporal structure of the test pulse
E(t). An example of the reconstructed (green dots) and the
original (black solid line) temporal structures is shown in
Fig. 3.
We now discuss the practical limitations and constraints
of the proposed scheme. One of the major challenges is that
the amplitudes and the phases of the pulses emerging from
the XFELs fluctuate randomly. Thus, the temporal structure
of different pulses is substantially different. Consequently,
the measurement of the spectral interference pattern requires
the use of a single-shot spectrometer with a resolution that
is adequate to capture significant phase variations over the
pulse spectrum. Fortunately, several successful schemes for the
shot-by-shot measurement of spiky XFEL pulses with spectral
resolutions of 14 meV have been demonstrated [25–27].
A pulse-shape reconstruction is reliable only when the
spectral interference of neighboring spectral components is

revealed. The upper bound of the spectral difference  is
limited by the Nyquist-Shannon sampling theorem. The lower
bound of  is determined by the visibility of the interference
and the ability of the apparatus to resolve the interference
pattern. Furthermore, since only the phase differences between
spectral components with difference  are measured, the
characterization is incomplete if the spectral amplitude A(ω)
is zero over a frequency interval larger than the spectral
difference . In these cases, an additional similar scheme
having a spectral shear greater than this interval is required in
order to achieve the full characterization of the spectral phase.
The efficiency of the SFG process increases with the
crystal length. However, there are several restrictions on
the practical crystal thickness that may be used for spectral
shearing. Since the coherence length of the nonlinear process
is inversely proportional to the phase mismatch, a thin crystal is
necessary to achieve a phase-matching bandwidth comparable
to the bandwidth of the inspected pulses. In addition, spatial
variations in the test pulses and the noncollinear geometry of
the nonlinear process in thick crystals induce a spatiotemporal
coupling, which adds distortions to the generated SFG fields,
which thus blurs the temporal structure encoded in the
interference pattern. These restrictions have been verified by
further numerical simulations, varying the crystal thickness
and assuming other diffraction planes, thus having different
propagation geometries.
We note that a broad variety of spectral interferometry
techniques have been developed [10]. The interferometric
measurement can be performed, for example, by adding
two beam splitters to the apparatus in Fig. 1(a), combining
two sheared replicas of the test pulse into an interference
pattern. In addition, it is possible to overcome the restriction
of the narrow phase-matching bandwidth by using multiple
apparatuses where each apparatus measures a different portion
of the concerned pulse spectrum.
To summarize, we have described a method to fully
characterize ultrashort hard x-ray pulses. The method is based
on the spectral interference between two sheared replicas of
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the original pulse, generated by three-wave mixing with IR or
visible lasers. Practically, the scheme is limited by the efficiency and bandwidth of the x-ray and optical mixing process
and by the performances of the single-shot spectrometer.
The proposed scheme has several important advantages:
(1) It works on a single-shot basis and does not require
moving parts. (2) The temporal jitter of the x-ray pulses
does not influence the measurement since the duration of
the optical pulse can be much longer than the maximum
jitter. (3) The nonlinear medium can be a thin crystal to
minimize propagation distortions. (4) The measured quantities

are only the power spectra of the tested pulse and its interfering
replicas. (5) The retrieval algorithm of the pulse structure is
straightforward, and the only ambiguity is the global phase.
We believe that the proposed scheme can be used to advance
ultrafast x-ray science. For example, it may be used to improve
the performances of XFELs in a manner similar to the
characterization of ultrafast lasers in the optical regime and
to enable the studies of new ultrafast effects.
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